International Journal of Advanced and Applied Sciences, 5(7) 2018, Pages: 64-70

N

& International Journal of Advanced and Applied Sciences

A

i
] JJ‘&:):I

Contents lists available at Science-Gate

Journal homepage: http://www.science-gate.com/IJAAS.html

)

[ Z
Y
p. 4

Dynamics of some higher order rational difference equations

Stephen Sadiq *, Muhammad Kalim

CrossMark

+clickor updates

National College of Business Administration and Economics, Lahore, Pakistan

ARTICLE INFO

ABSTRACT

Article history:

Received 17 October 2017
Received in revised form
28 April 2018

Accepted 1 May 2018

Keywords:

Difference equations

Higher order difference equations
Periodic solutions

form z,,; =

In this paper we discuss the solution of rational difference equation of the

Zn—20

,n=20,1,... where the initial values are

+1+Zn_6Zn-13Zn—20
arbitrary real numbers. To confirm the obtained solutions we consider some
numerical examples by assigning different initial values with Matlab.
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1. Introduction

In this paper we obtain solutions of rational
difference Eq. 1

Zn—20
+1+Zy_6Zn-13Zn—20

,n=20,1.. 1)

Zn+1 =

where the initial values are arbitrary real numbers.
Difference equation is a vast field which impact
almost found in every branch of pure as well as
applied mathematics. In this paper we study the local
stability, global attractivity of equilibrium point of
Eg. 1 and boundedness of solutions of the Eq. 1).
Moreover we obtain solutions of some special cases
of this equation. The study and solution of nonlinear
higher order difference equation is very challenging.
However we have still no suitable generalized
method to deal with the global behavior of rational
difference equations of higher order so far.
Therefore the study of rational difference equations
of higher order is worth for consideration. Recently
great interest is developed in studying difference
equation systems. The reason is that there is need of
some techniques whose can be used in investigating
problems in different fields. Recently a great effort
has been made in studying the qualitative analysis of
rational difference equations. Difference equations
are very simple in form, but it is very difficult to
understand thoroughly the behaviors of their
solutions (Cinar 2004a; 2004b; 2004c). Karatas et al.
(2006) studied the positive solutions and attractivity
of the difference equation by considering non zero
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e e Xn—
real numbers initial values x,,; = —>"*=—,n =
t1txp_2Xp—s

0,1... Elsayed (2008) worked on the difference

. Xn—
equation x,, . = +1+x:_25xn_5 ,n=20,1... He found the

solution of this equation and obtained graphs of
numerical examples for some values of initial

conditions. Elsayed (2009) investigated the
difference equation by considering real numbers
initial values x4 =——2°— n=01.. He

t1txp_2Xn—s
checked the qualitative behavior of the difference
equation. Elsayed (2010) studied the solutions of the
following class of difference equation x,,; =

n-s ,n=01.. Elsayed (2011a)

+1+Xp_2Xn—sXn-3g
investigated the rational difference equation x,,,, =

— 9 5 =0,1... Elsayed (2011b) investigated

+1+xXn—4Xn-o

the  rational  difference  equation x,,, =
3 n=01.. In Touafek and Elsayed

+1txn—1%Xn-3

(2012) got the form of solutions of the rational
n

dlffe;ence systems X1 = T Yk =
—n

YR Van Khuong and Phong (2011)
investigated the difference equation x,_; =

%, (1 + xp_1%,_5),n=0,1,... Khaliq and Elsayed
(2016) studied the solutions of some difference

. Xn—-1Xn—
equations of the form x,,, = ——2>"=5
xn-3(F1txn—_1Xn-s)
0,1...

Suppose that I is some interval of real numbers
and F a continuous function defined on I¥! (k+1
copies of I), where k is some natural number.
Throughout this thesis, we consider the following
difference equation

(2)

Zn41 = f(zn,zn_l, ...,Zn_k),n =0,1,..

for given initial values Z_y, Z__1y, ... Zg € |
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Definition 1.1 (Equilibrium Point): A pointz € [ is
called an equilibrium point of difference Eq. 2 if

That s, z,, = Z for n > 0 is a solution of difference
Eq. 2.

Definition 1.2 (Periodicity): A solution{z,} * of
Eq. 2 is called periodic with period p if there exists
an integer p = 1is a s such that z,,,, = z, foralln >
—k If z,,, = z, holds for smallest positive integer P
then solution {z,} °°, of Eq. 2 is called periodic
period of prime.

Theorem 1.1: Consider the difference equation
Zns1 *agzp + 0oz, =0,n=0,1, ..

where k € {1,2,..}and a; real numbers for all i
Then Y¥ ,la;| < 1is a sufficient condition for the
asymptotic stability of Eq. 2.

2. First equation

In this section we give a specific form of the first
equation in the form

Zn-20 n=0,1,.. 3)

Z =
n+1
+142y_6Zn_13Zn—20

with non-zero real numbers initial values.

Theorem 2.1: Let {z,}5__,,be a solution of Eq. 3.
Then forn =0,1,...

VA =7 n 1[ 14+3az_62-13Z—20 ]
21n-20 =20 11la=0 1+(3a+1)Z_6Z-13Z—20
n—1[ 1+3agpw ]
wn-1 | =1229PW
H“_O 1+(3a+1)gpw
— n—1
ZZln—19 - Z—19 Ha:()
s TIn 1[ 1+3afpv ]
a=0]14+3a+1)fBv

Zin-18 = Z_1g o= 0[

[ 143aZ_5Z_12Z_19 ]
1+(Ba+1)z_5z_12Z_19

143QAZ_4Z2_11Z—1g ]
1+(Ba+1)z_42_11Z_1g

n—1[ 1+3aemu ]
u _reeerE
a=0
1+(3a+1)emu
1+3az_3z_19Z—-17
7 =7 [ 3Z-10 ] _
21n-17 17 H(x 0 1+(3a+1)z_3z_wz_17
¢ n—1[ 1+3adlt ]
=011+ Ba+1)dlt
- 1+3az_3Z_gZ_1¢
Zow =7 TI*L [— =
21n-16 16 Ha—O 1+(B3a+1)2_27_9Z_14

sTI? 1[ 1+3acks ]
=0 [1+(3a+1)cks

— n-1
ZZln—lS - Z—15 Ha:O
n-1 1+3abjr
r a=0 B
1+(Ba+1)bjr

ZZln 14 =Z_ 14Ha 0[
1+3aahq
qIla=o [1+(3a+1)ahq ]

7 =7 n-1 [%] —
21n-13 -13 Ha=0 (17 6042)2_107- 0715

n-1 [1+(3a+1)wgp ]
=0 [1+@Ba+2)wgp

Zyin-12 = Z-12 133 |

n-1 [1+Ba+1)pvf
‘BH“ZO [1+(3a+2),8vf

[ 143az_1Z_gZ_15 ]_
1+Ba+1)z_12_gz_15

143az0Z_7Z_14 ]
1+(Ba+1)zgz_72_14

1+(Ba+1)z_19Z_52_ 12]
1+(Ba+2)z_19Z_5Z_1,

65

7 —7 et [M]z
21n-11 11 a=0111(3a+2)z 152 42_1,

1+(3a+1)mue ]
m LrioaTjmue
Ha 0 [1+(3a+2)mue

7 — 7 . Tn-t [%]
21n-10 —101%a=0 |14 (3042)2z_1,2_32_10

1+(3a+1)itd
HTa=o [1+(3a+2)ltd ]

7 =7 [1+(3a+1)z_162_zz_9]
21n-9 ~ol1a=o 1+(Ba+2)z_16Z_2Z_q
—1 [1+Ba+1)ksc
k n_1[ ]
Ha—O 1+(3a+2)ksc
ZZln 8 — Z
-1 [1+(3a+1)b1r ]
JHea=0 |1 Gar2n)r
_1 [1+Ba+1)z_1420z_,
Zoin_n = Z_- 02 [7
21n-7 7[a=o 14+(3a+2)z_1420Z—7
A1 1+(3a+1)ahq
a=0

[1+(3a+1)z_152_1z_ ]
1+(Ba+2)z_152_12_g

1+(3a+2)ahq
1+(3a+2)z_13Z2_30Z—¢
VA = n— 1[ —
21n-6 = 4-6 H 1+(Ba+3)z_132_20Z—¢
-1 [1+(3a+2)gpw

=0 1+(3a+3)gpw

7 l—[n 1 [1+(3a+2)z_ 12Z_19Z_5 ] _
21n-5 = 4£-5 1+(3a+3)Z_122_19Z_5 1

FIInz: [w]

a=0|14+(3a+3)fBv
7 -7 n-1 [1+(3a+2)z_112_1gz_4] _
21n—4 = “-4 1la=0 |11 (30+3)z_1,z_197_4 |
n-1 [1+(3a+2)emu ]
€lla=0 1+(3a+3)emu
7z =7 .-t [w] -
21n-3 —3 1la=0 1+(Ba+3)z_102-172-3
d -1 [1+(3a+2)dlt]
a=0]14(3a+3)dit
7 -7 n-1 [1+(3a+2)z_gz_152_2 ] —
21ln-2 —21lla=0 1+(Ba+3)z_9z_162—>
n-1 [1+(3a+2)cks ]
=0 |14+ (3a+3)cks
221n_1 _ Z—1 ’,};é [1+(3a+2)z_8z_152_1] _
1+(3a+3)z_gz_152_1
1+(3a+2)bjr
bIla=o [1+(3(x+3)b1r ]
221n _ Zo ’(}—é [1+(3a+2)z_7z_14zo] _
=Y 11+Ba+3)z_72_142¢
n-1 [1+(Ba+2)ahq
a H“=0 [1+(3a+3)ahq ]
where

Z=20=W,Z_19 =V, Z1g =W, Z_17 = 1,246 = S,

Zgs =T1,2_14 = Q213 =D, Z-12 = B, 211 =M, Z_49 = |,
Zg=kzg=jz,=hz ¢=92zs5=f2Z_4=ce¢,
z3=d,z,=c¢c2_1=Db,zy=aq,

Proof: For n = 0 the result follow. Suppose that n >
0 and that our assumption is true for n — 1. Thatis

1+3agpw
Lo = w220
21n—41 H“ 0]1+Ba+1)gpw

n-2 1+3afpv
Vlla=0 [1+(3a+1)fﬁv]’
Zyin-39 = uHa 0[

¢ n—Z[ 1+3adlt ]
a=0 |14+ (3a+1)dit I’
1+3acks
Tansr = s [l |tk
21n-37 Ha 0l1+(3a+1)cks
r n—z[ 1+3abjr ]
a=011+3a+1)bjr
1+3aahq
Zan-ss = AL |
21n-35 = q I1G=5 1+(Ga+Dahq
—2 [1+(3a+1)wgp ]
p =0 [1+@Ba+2)wgp I’
Tagnss = BITL] [0
21n-33 = a=0 {14 (3a+2)pvf
n-2 [1+(3a+1)mue ]
a=0 |14+ 3a+2)mue I’

1+(3a+1)itd
Loy = T3 [ L2
21n-31 [a=3 1+(3a+2)itd

kT2 [1+(3a+1)ksc]
a=0 |14+ (3a+2)ksc

],Zz1n—40 =

1+3aemu

— | Z _ =
1+(3a+1)emu]’ 21n-38

]:Zz1n—36 =
] yZoin-34 =
],Zz1n—32 =

] 21n-30 =
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. _o [1+(Ba+1)bjr
Zyin-29 = J HZ:(Z) [m] v Zyin—28 =
n—-1 1+(3a+1)ahq]
hHaZO [1+(3a+2)ahq ’

_ n-2 [1+Ba+2)gpw

ZZln—27 = glla=0 [1+(3u+3)gpw
n—2 1+(3a+2)fﬁv]
fH‘Z:O [1+(3a+3)fﬁv ’

_ n—2 [1+(Ba+2)emu
Zoin-25 = ella=5 [1+(3a+3)emu
4 Tn-2 [1+(3a+2)dlt]

a=0 |14 (3a+3)dit

],sz—ze =

]:Zz1n—24 =

_o [1+(Ba+2)cks
Toar on = c ]2 [—] oy =
21n-23 Ha—O 1+(3a+3)cks 1’ 21n-22
b n—2 [1+(3a+2)bjr]
a=0]14+(3a+3)bjr I’
_o [1+(Ba+2)ahq
VA B =a n_2 [7
21n-21 [a=s 1+(3a+3)ahq

now it follows from Eq. 3

Z21n-20 = oo
1+Zz1n—z7221n—34221n—f13agpw
_ WHEQ%[W
s e e ey KL vy
A1 E P
 Legpw IS
_ vt

1+(3a-2)gpw
1+(3a-3)gpw

_ n-1[ 1+3agpw
Zin-20 =W Ha=0 [

1+(Ba+1)gpw

Similarly, other relations can be proved in same
manner.

Theorem 2.2: Eq. 3 has zero as equilibrium point.

Proof: To find the equilibrium points of Eq. 3

_ A

7 =
1+7°

¥ =0

thus z = 0 is the equilibrium point of Eq. 3.
Theorem 2.3: For Eq. 3, every positive solution is
bounded.

Proof: Let {z,};>__,, be a solution of Eq. 3. Then from
Eq.3

_ Zn—20
i1 = 1+2Zn—6Zn-13Zn-20 = Zn-20
then z,,1 < z,_,, for all n = 0. Then the sequence
{z,}5-_50 is decreasing and are bounded from above

by

M = max
{Z—zo Z—19'Z—18:Z—17:Z—16'Z—15'Z—14:Z—13:Z—12:Z—11:Z—10:}
Z_0,2-8,Z2-7,%—61Z—5,%—4,Z—3,%—2,Z—1,Z—0»

2.1. Numerical examples

For confirming the results, suppose some
numerical examples which show different types of
solutions of Eq. 3.

Example 2.1: Assume that (Fig. 1)

66

Z_30 = 15,2_19 = _2.5,2_18 = _3,Z_17 = 2'2—16 =
_6,Z_15 = 3,Z_14 = _7,
Z_13 = 8,Z_12 = O'Z—ll = _10,2_10 = 9,2_9 =

_3.5,2_8 = 9, Z_7 = 15,
Z¢=552z:5=2,2,=0,2z3=13,z_,=11,z_ 4 =
8.5,20 =1

Example 2.2: Assume that (Fig. 2)

Z_30 = 10,2_19 = 3'2—18 = 10,2_17 = —S,Z_16 =
—6,Z2_15 =9,Z2_14, =—7.5,
Z_43=10,z_4,=0,z_4;, = =15,2_10 =9,Z_¢ =

—3.5,z_g=3.5,z_,,=15,z_4 = 10.5,
Z5=7,2_4=0,2z3=18,z_,=11,z.1, =952, =6

plot of z(n+1)=2(n-20)/(1+z(n-6)"z(n-13)"2(n-20))
15 T T T T T T T T T

z(n)

10 20 30 40 5 60 70 80 9 100

Fig. 1: z(n+ 1) = z(n — 20)/ (-1 + z(n — 6)z(n —
13)z(n — 20))

plot of z(n+1)=z{n-20)/(1+z(n-B)*z(n-13)*z(n-20))
20 T T T T T T T T T

Fig.2:z(n+ 1) =z(n — 20)/ (-1 +z(n — 6)z(n —
13)z(n — 20))

3. Second equation

In this portion we give a specific form of the
equation in the form

Zn-20
Z = n €N,n=20,1,.. 4
T itz Zno1sZn-zo’ ’ e (4)

with non-zero real numbers initial values and
Zg-6Zq-13Zq-20 * 1

for
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(¢ =01,2345,6)

Theorem 3.1: Every solution {z,};-_,, of Eq. 4 is
periodic with period 42 and is of the form

w,v,ut,s,1,q,p B, mlkjhgfedcba, ry—

v u t s r q
—1+fBv’ —1+emu’ —1+dit ' —1+cks’ —1+bjr’ —1+ahq
p(—1+wgp), B(—1 + vfB), m(—1 + emu), l(—1 + dlit),

k(=1 + cks),j (=1 + bjr), (=1 + ahe), 2 —L—

e d c b a
, , , —, W, 0, U
—1+emu’ 1-+dlt —1+cks —1+bjr —1+ahq
Proof: From Eq. 4 it is clear that
Z1 = ki Zy = L Z3 = L Zy = d
17 Zatgpw’ 2 7 S1t/pr ’ B T “1temu’ 4 T —14alt
s T q
Zs = Zg = Z; = zg =p(—-1+w,
57 “14cks’“® T —14bjr *“7 T —1+anq’“® p(=1+wgp),

zo = B(=1+vfp),z190 = m(=1+emu),z; =
(=14 dlt), z;; = k(=1 + cks),

, , g
z13 = j(=1+ bjr), 214 = h(—1 + ahq), z;s = ———, 214 =
13 = J(—=1+bjr), 214 (=1 + ahq), z;5 “Trgpw’ 216
_f
—1+vfp’
Zy, = — Zig = — 2o = —— 2, =
177 gvemu’ “18 7 —1taie P19 T —14cks’ 20 T

Zy = .
—1+bjr’ 721 T _1tanq

Theorem 3.2: Eq. 4 has two equilibrium points 0
andy/2 which are not locally asymptotically stable.

Proof: To find equilibrium point from Eq. 4

Let f:(0,)3 — (0, o) be a function defined by
fw,x,y) = —2—

fo W, x,) = ﬁ

o n) = s

fy w,x,y) = Cirway)?

Atz=0

fw(2,2,2)=0,£(222) =0,f,(2,22) = —

So linearized equation of Eq. 4 about Z = 0 is y,,; +
Yn-2 = 0
atz = V2

fw(2,2,2) = =2,£(2,22) = -2,f, (72,2 = -1

So linearized equation of Eq. 4 aboutz = /2 is
Yn+1 + 20 + 2y + Yn—2 = 0.

By the generalization of theorem [A] we find that

0,z = V2 are unstable.

Theorem 3.3: Eq. 4 has a periodic solution of period
21 if ahq = bjr = cks = dlt = emu = vff = gpw =
2, and then takes the form

fw,v,u,t,s,r,q,p,f,mLk,j,h g f,edcbawnvu,..

zZ = -
- alizi V3 Proof: First assume that there is a prime period 21
2=h2= solution from conditions of above theorem
w v u t
= V= yu= 6= ,
-1+ gpw -1+ fpv —1+emu —1+dlit
_ S _ T _ q _ _
ST v cks T —1+bjr'q_ —1+ahq'p_p( 1+wgp),
B = B(=1+vfB),m=m(-1+emu),l= l(—l +dlt), k = k(=1 + cks)
. ) _ _ f
j=Jj(=1+bjr),h=h(-1+ahq),g = 1+gpw f = i
_ e _ d _ c b= b a
T dvemw® T 1—4dit’ T Ttcks’ T “1+bir'*“1+ang

assume that ahq = bjr = cks = dlt = emu = vff =
gpw = 2, then we see from conditions of above
theorem

Zaan—20 = W, Z42n-19 = V, Zaon—18 = W Zaon-17 =
t,Zaon-16 = S)Zgon-15 = 1)

Zaon-14 = Q) Zazn-13 = D> Zazn—12 = Br Zazn-11 =

M, Zazn—10 = b Zagn-o = k,

Zaon-g = JyZazn-7 = W Zagn_6 = g, Zazn—s = [ Zazn—a =
€ Zyn-3 = d,

Zagn-2 = C Zagn-1 = b, Z4on = Q.

Thus solution is of period 21.
3.1. Numerical examples

For confirming the results, suppose some
numerical examples which shows different types of
solutions of Eq. 4.

67

Example 3.1: Assume that (Fig. 3)

Z_10 = 10,2_19 = _18'5'2—18 = _5,2_17 = 10, Z_16 =
13.5,2_15 = _8.5,2_14 = 15,
Z_13 = 1.2,2_12 = _9,2_11 = 15,2_10 = -7, Z_g =

6,z2_g=17,2_7=19.5,z_¢ = 2,
z5=952z_4=165,z3=1152z_,=14,z_; =
10.5,zg = =5.5

Example 3.2: Assume that (Fig. 4)

Z_99=15,z_19=-252z_15=
—6,Z_15 = 3,Z_14 = =7,
Z_13=8,2_1,=0,2_41 =-10,2_10=9,z_9 =
—35,z_.4=9,z_,=15,z_4 = 5.5,
Z5=2,24=0,2z3=13,z , =114,z 1 =85,z =1

—3,Z_17 = 2,Z_16 =

}
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, % 1El4 plot of z2(n+11=z(n-2004(-1+z(n-B)" 2 (n-13)" 2 (n-200)
0af =
u]
0.5 A
g 4 1
156+ -
2F jl
25| =
=3 - - - . i + - - -
[u] 10 20 30 40 an B0 70 80 a0

Fig.3:z(n+ 1) =z(n—20)/ (-1 +z(n - 6)z(n —

13)z(n — 20))

plot of z(n+1)=z(n-20)/(-1+z(n-6)*z(n-13)*z(n-20))
6000 T T T T T T T T

5000

4000 -

3000

z(n)

2000

1000 +

-1000

2000 L s L L L L L L L
0

Fig.4:z(n+ 1) =z(n—20)/ (-1 + z(n — 6)z(n —

13)z(n — 20))

4. Third equation

In this part we give a specific form of equation in

the form

Zn—20
——  n=0,1, ..
1-Zn—6Zn-132n-20

Zny1 =
with non-zero real numbers initial values and
Zg—6Za-13 Za—20 * 1

for

(@ =0,1,2,3,4,56)

Theorem 4.1: Let {z,},-_,, be a solution of Eq. 5.

Then forn = 0,1, ...

7 -z n-1 [M] =
21n-20 =20 a=0 1-Ba+1)z_gz_13Z_3¢

n-1 1-3a gpw ]
w -1 IPW
Ha—o [1—(3(1+1)ng

VA =7 n—1[ 1-3az_52_12 Z_19 ] —
21n-19 -19 Me=0 |05 200200

v Hn_l[ 1-3a f fv ]
a=0|1_(3a+1)f Bv
1-3az_4 7z, 2Z_
A n-1 [A]z
21n—18 18 He=0[1"G, . .7 .
u n—1[ 1-3a emu ]
a=0|1_(3a+1)emu
1-3az_3zZ_q192-
T =7 n-1 [¢]=
21n-17 17 a=0 1-(3a+1)Z_3Z_10Z—17
¢ njl[ 1-3adlt ]
a=0|1_3a+1)dit

68

Zyin-16 = Z-16 1145 [—I_MLZ o ] =
“Ul1-Ba+1)z_,z_9gz_16
s n:l[ 1-3acks ]
a=0[1_(3a+1)cks

7 -7 n—1[ 1-3az_4 Z_gZ_15 ] _
21n-15 -15 a=0 1-(Ba+1)z_41 Z_g Z_15

n—1[ 1-3abjr ]
r -1 (2227
H“_O [1—(3a+1)bj‘r
1-3azyz_; z
T =7 n-1 [#} =
21n-14 14 a=0 1-(Ba+1)2Zg Z—7 Z_14
n—1[ 1-3aahq ]
q la=0 1-(Ba+1)ahq
A =7 n-1 [1—(3a+1)z_20 Z_g z_13] —
21n-13 -13 Ma=0 |12 G000 7 20
n-1 [1—(3a+1)wgp]
a=01_(3a+2)wgp
VA =7 n-1 [%]
21n-12 -12 a=0 1-(3a+2)Z_10 Z—5 Z_12
B n—1 [1—(3a+1)ﬁ'vf
a=0|1_(3a+2)Bvf
— n-1
Zyin-11 = Z-11 I35 |
n—1 [1—(3a+1)mue]
a=0|1_(3a+2)mue
7z =7 n-1 [w]
21n-10 -10 Ha=0 17050007, 7 700
1TI=1 [1—(3a+1)ltd]
a=0{1_(3a+2)itd
VA4 =7 n-1 [1_(3‘1"'1) Z-16 Z-2 Z—g] —
21n-9 9 Ma=0|1_3a+2)z_162_2 z_o
k n—1 [1—(3a+1)ksc]

a=0|1_(3a+2)ksc
1-Ba+1)z_152_4 z_s] _

Zyin-g = Z-g Hg;é[
-1 [1—(3a+1)bjr]

a=0|1_(3a+2)bjr
_ n—1[1-Ba+1)z_14202_7] _
Zon-7 = Z—7 HU‘:O [1—(3a+2) Z_14 Zo z_7] -
h l—[g;é [1—(3a+1)ahq]
1-(3a+2)ahq
221n_6 — Z_6 Z;% [1—(3a+2) Z_13Z_30 2_5] —
1-(Ba+3) z_13Z_3¢ Z—¢
n-1 [1—(3a+2)gpw
a=01_(3a+3)gpw
_ n-1[1-Ba+2)z_1,z_192_5] _
Zyin-s5 = Z-s [la=0 [1—(3a+3) Z_12Z—19 z_5] -
f n-1 [1—(3a+2)f ﬁv]
a=011_(3a+3)f pv
_ n-1[1-Ba+2)z_41z2_152_4] _
Zyin-4 = Z-4 [1a=0 [1—(3a+3) Z_11Z-18g z_4] -
n—1 [1—(3a+2)emu]
a=0[1-3a+3)emu

1-(Ba+1)z_1g2z_4 z_u]
1-(3a+2)z_182_4 241

1-Ba+2)z_152_17_g

_ n-1
Z21n-3 = 2-3 Ha:o[

_1 [1-Ba+2)dit
d n_1 [ ]
Ma=o 1-(3a+3)dlt
_ n-1[1-Ba+2)z_gz_y16 25| _
Z21n-2 = Z-2 lla=0 [—
-t [1—(3a+2)cks]
a=0|1_(3a+3)cks
n-1[1-Ba+2)z_gz_s5 Z—1]
Z - — Z_ _ e —————————— —
2in-1 1 l_[a—O [1—(3a+3) Z_gZ_152Z_1
pTI—1 [M]
a=0]1_(3a+3)bjr

1-(Ba+2)z_19 Z2_17 Z_3] _
1-Ba+3)z_192-17Z—3

1-Ba+3)z_g z_16 Z_»

Z: =7Z = -
21n 0 tla=0 1-(Ba+3)z_7 z_14 2g a=0

where

Z_20 =W,Z_19 =V, Z_13 =W, Z_17 = 1,Z_16S,Z-15 =
T,2.14 = q,Z2-13 =P, Z-12 = B,

Zg1=mzZyo=lz9=kzg=j2z 0z =9725=

fizs=ez3=d,z,=c,
Z1=bzy=a

and
Zg—6Zq-13 Za—20 F 1

for

n—1 [1—(3a+2) Z_7Z_14 zo] _ n—1 [1—(3a+2)ahq
- 1-(3a+3)ahq

]
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(¢ =0,1,2,3,45,6)

Proof: The proof is similar to the proof of theorem
2.1.

Remark 4.1: The equilibrium point of Eq. 5 is zero
which is not asymptotically stable.

4.1. Numerical examples
For confirming the results, take numerical
examples which show different types of solutions of

Eq. 5.

Example 4.1: Assume that (Fig. 5)

Z_90=18,2_19=10,z_15 = =5,2_17, = 0,Z2_145 =
11,z_45 = 2.5,
Z_44=-—15,2_13=7.7,2_4,=9,2z_4, =—=15,z_1p =
—-3,z_9=17,

z_g=10,z_,=175,z_4=2,z_5 =155,z_, =
16.5,z_3 = 3.5,
Z_p = 17,2_1 = 11.5,20 = -10

Example 4.2: Assume that (Fig. 6)

Z_50=10,z_19 = =185,z_13 = =5,2_1;, =10,z_14 =
13.5,Z_15 = 85,

Z_14=15,2_13=12,2_1, =-9,z_4, =15,2_14 =
—7,Z_9 = 6,

z.g=17,2.,=195,z_4=2,z_.5=95,z_, =165,z_3 =
11.5,
Z_p = 14’,2_1 = 10.5,20 = —55

plot of z(n+1)=z(n-20)/(1-z(n-6)"z(n-13)*z(n-20))

Wt

10 2‘0 3‘0 4‘0 5‘0 SID 7IE| 8‘0 9‘0 100
Fig.5:z(n+ 1) =z(n—20)/ (1 —z(n — 6)z(n —
13)z(n — 20))

z(n)

5. Fourth equation

In this part we give solution of the equation in the
form

Zn-20

,n=01,.., (6)

Z = —
M 2y 6Zn-13Zn—20
with non-zero real numbers initial values and
Zg—6Za-13Za-20 * 1

for

(¢ =0,1,2,3,4,5,6)
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plot of z(n+1)=2(n-20)/(1-z(n-6)"z(n-13)*z(n-20))
20 T T T T T T T

z(n)
o
E

Fig. 6: z(n+ 1) = z(n — 20)/ (1 — z(n — 6)z(n —
13)z(n — 20))

Theorem 5.1: Every solution {z,}n-_,, of Eq. 6 is
periodic with period 42 and is of the form

. -w
w,v,u,ts1,q,p,B,mlkjhgf,edcbh, vyt
-v -u -t -5 -r —q
1+fBv’ 1+emu 1+dlt 1+cks 1+bjr 1+ahq
—p(1+ wgp),—B(1 + vfB),—(1 + emuw), —1(1 + dit)

—k(1 + cks), ~j(1 + bjr), ~h(1 + ahg), L

—e —d —c -b -a
1+emu’ 1+dlt’ 1+cks’ 1+bjr’ 1+ahq’

w,v,u

Proof: The proof is similar to the proof of the
theorem 3.1

Remark 5.1: Eq. 6 has two equilibrium points
Owhich is not locally asymptotically stable.

Remark 5.2: Eq. 6 has a periodic solution of period
21if

ahq = bjr = cks = dlt = emu = vf f = gpw = -2
and then takes the form
w,v,u,t,s,1,q,p,8,mlLkjhgfedcbawvu,..
5.1. Numerical examples

For confirming the results, consider numerical
examples which represent different Kkinds of
solutions of Eq. 6.

Example 5.1: Assume that (Fig. 7)

Z_50=10,z_19 = —8.5,2_13 = —6,Z2_17, =9,Z2_15 =
—=12,z_15=0,z_14, = —9.5,

Z_43=95,z_4,=352_41 =-10,z_10 = 16.5,z_¢g =
35,z_g=-5,z_,=18,z_4 = =5.5,
Z5=2,2_4=05,z_3=-15z2z_,=125,z_1 =8.5,z) =
-1

Example 5.2: Assume that (Fig. 8)

Z_90=15,2_19=-25z_19=-3,2_17, =2,2_16 =
_9,Z_15 = 3,Z_14 = _7,
Z_13 = 0.8, Z_13 = 0:2—11 = _18,Z_10 = 9,Z_9 =

_3.5,2_8 = 9, Z_7 = 15,
z¢=552z5=2,2,4,=02z3=13,z_,=11,z_ 4, =
8.5,z =11
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x 10" plot z(n+1)=z(n-20)/(-1-z(n-6)"z(n-13)*z(n-20))
4 T T T T T T T T
351 =
3t o
251 =
2k B
e
G
15F 4
1| <t
051 4
’ &’m
05 L L L L L L L L L
u} 10 20 30 40 50 B0 70 80 80 100

Fig. 7:z(n+ 1) =z(n —20)/ (1 —z(n — 6)z(n —
13)z(n — 20))

% 1El4 plot of z(n+1)=z(n-20)/-1-z(n-61"z(n- 137"z (n-207)
a T T T T T T T T T
7L il
Bl |
sk o
s il

g ot :

F1s A
1| 4
y J |
RS -
i L L L L L L L L L

o 10 20 30 40 a0 B0 70 &0 a0 100

Fig.8:z(n+ 1) = z(n — 20)/(—1 —z(n — 6)z(n —
13)z(n — 20))

6. Conclusion

In this paper we studied solutions, equilibrium
points and periodicity of four types of difference
equations of Eq. 1. Eq. 3 has zero as equilibrium
point and every positive solution is bounded. Eq. 4
has two equilibrium points 0 and /2 which are not
locally asymptotically stable and has a periodic
solution of period 42. The equilibrium point of Eq. 5
is zero which is not asymptotically stable .Every
solution of Eq. 6 is periodic with period 21 and has
two equilibrium points 0 which is not locally
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asymptotically stable. To confirm the obtained
result, we gave numerical examples of each case by
using Matlab.
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